In this article, we study the free vibration and the mechanical buckling of plates using a three dimensional consistent approach based on the scaled boundary finite element method. The in-plane dimensions of the plate are modeled by two-dimensional higher order spectral element. The solution through the thickness is expressed analytically with Padé expansion. The stiffness matrix is derived directly from the three dimensional solutions and by employing the spectral element, a diagonal mass matrix is obtained. The formulation does not require ad hoc shear correction factors and no numerical locking arises. The material properties are assumed to be temperature independent and graded only in the in-plane direction by a simple power law. The effective material properties are estimated using the rule of mixtures. The influence of the material gradient index, the boundary conditions and the geometry of the plate on the fundamental frequencies and critical buckling load are numerically investigated.
Introduction
The introduction of new class of engineered materials, coined as functionally graded materials (FGMs) has spurred the interest among researchers to study the response of structures with these materials. The FGMs are characterized by smooth and continuous transition of material properties from one surface to another. Typically FGMs are made from a mixture of a ceramic and metal. The ceramic constituent provides thermal stability due to its low thermal conductivity, whilst the metallic phase provides structural stability. FGMs eliminate the sharp interfaces existing in laminated composites with a gradient interface and are considered to be an alternative material in many engineering applications. The material properties can be graded in the thickness direction, in the in-plane or in both the directions. It can be seen from the literature that considerable attention has been devoted to functionally graded material plates with properties graded in the thickness direction [26, 8, 7, 27] . From the literature, it can be seen that the static and the dynamic response of functionally graded material plates and shells is studied extensively. It is beyond the scope of this paper to review the literature on plate/shells with material properties graded in the thickness direction. Interested readers are referred to the literature and references therein and a recent review by Jha and Kant [13] . To the author's knowledge there are only a few investigations on the structural response of structures in which the material is graded in the in-plane direction or in both directions [21, 24, 23, 9, 18, 17, 32] . Qian and Ching [24] and Qian and Batra [23] optimized the fundamental frequency of bi-directional 2 functionally graded beams and plates by employing meshless local Petrov Galerkin method. By employing element free Galerkin method, Goupee and Vel [9] optimized the natural frequency of bidirectional functionally graded beams. Nemat-Alla [21] by employing the rule of mixtures studied the thermal response of FGM structures graded in both the directions. Lü et al., [18] derived semi-analytical solutions based on differential quadrature method for beams graded in both the directions. It was observed that the thermal stresses can be reduced by bi-directional functionally gradation instead of the conventional unidirectional functionally graded materials. Very recently, Liu et al., [17] and Uymaz et al., [32] studied the fundamental frequency of plates with in-plane material inhomogeneity by Levy's type solution and differential quadrature method, respectively. It was observed that the fundamental frequency of the plate with in-plane material inhomogeneity is highly influenced by the gradation.
It is noted that in all of the above studies, the plate structures are modelled by employing two dimensional structural theories. The different approaches employed are: single layer theories, discrete layer theories and mixed plate theory. In the single layer theory approach, the plate is assumed to be one equivalent single layer (ESL), whereas in the discrete layer theory, each layer is considered, for example in the case of laminated composites. Although the discrete layer theories provide very accurate results, increasing the number of layers increases the number of unknowns and in turn the computational time. Recently, Carrera [5, 4] derived a series of axiomatic approaches for general description of two-dimensional formulations for multilayered plates and shells. With this unified formulation, it is possible to implement in a single software a series of hierarchical formulations, thus affording a systematic assessment of different theories ranging from simple ESL models up to higher order layerwise descriptions. The aforementioned plate theories have been used to develop discrete models such as the finite element method [11, 2, 22] , meshless methods [6, 7, 16] and more recently, isogeometric analysis [30, 33, 31] . A comprehensive review of various meshless methods for analyzing plates and shells is given in [16] . Although, the numerical methods provide a general and systematic technique to analyze plate structures, difficulties still exist in the development of plate elements based on the above mentioned plate theories, one of which is the shear locking phenomenon. It can be seen that considerable effort has been devoted to suppress shear locking [2, 3, 12, 28] .
Approach. However, plates are essentially three dimensional structures. For predicting the realistic behaviour, more accurate analytical/numerical models based on the three-dimensional models are required. In this paper, we study the free vibration and mechanical buckling of plates with in-plane inhomogeneity using a recently developed three-dimensional consistent approach [19] . This approach is based on the scaled boundary finite element method [29] . The formulations are directly derived from three-dimensional governing equations without any plate assumptions. Only the in-plane dimensions of the plate are discretised and any displacement-based elements can be used. The stiffness matrix is derived from the three dimensional solution, which is expressed analytically in the through-thickness direction with Padé expansion. Thus, no numerical locking arises. The use of high-order spectral elements leads to an efficient stiffness matrix construction. A diagonal mass matrix is also derived such that the free vibration in our study is expressed as a standard eigenproblem.
Outline. The paper is organized as follows. In the following section, after discussing the functionally graded material, the three dimensional consistent approach to analyse plate structures is presented. Section 3 describes the element employed in this study. The numerical results for the free vibration and critical buckling of thin functionally graded material plates are given in Section 4, followed by concluding remarks in the last section.
Theoretical Formulation

Functionally graded material
Consider a functionally graded material (FGM) rectangular skew plate with length a, width b, height h and skew angle ψ made by mixing two distinct material phases, viz., a ceramic phase and a metallic phase. The ceramic phase provides thermal stability, whilst the metallic phase provides structural stability. Assume the coordinates x, y along the in-plane directions and z along the thickness direction (see Figure (1) ). The material is assumed to be graded only in the in-plane direction (along global x) according to a power law distribution whilst it is constant through the thickness direction. The homogenized material properties can be computed by employing the rule of mixtures. The effective Young's modulus E, Poisson's ratio ν and the mass density ρ of the FGM, evaluated using the rule of mixtures are:
Here V i (i = c, m) is the volume fraction of the phase material. The subscripts c and m refer to the ceramic and metal phases, respectively. The volume fractions are related by V c + V m = 1 and V c is expressed as where n in Equation (2) is the volume fraction exponent, also referred to as the material gradient index in the literature, and x is referred to the global coordinate system. 
3D governing equations for plate structures
Consider a plate of constant thickness h and with length a and width b (see Figure (1) ). The displacement components along the (x, y) directions and z−direction are denoted as u x = u x (x, y, z), u y = u y (x, y, z) and u z = u z (x, y, z). The displacement vector u = u(x, y, z) is arranged as u = [u z , u x , u y ] T . The strains {ε} = {ε(x, y, z)} are expressed as
where L is the differential operator. The stresses σ = {σ(x, y, z)} follow from Hooke's law with the elasticity matrix D as
The equation of equilibrium with vanishing body force is written as
and the bottom and top surfaces of the plate may be subjected to surface traction. The strain energy U , the work done by the applied external forces V and the kinetic energy T is given by:
The derivation of the governing equations is based on the principle of virtual work equation
In the following section, the scaled boundary finite element method will be employed to derive the stiffness matrix for the plate structure. The conventional finite element procedure [35] is employed to derive the mass matrix M and the geometric stiffness matrices, K G .
3D consistent approach for plate structures
The geometry of the plate is modeled by translating the two dimensional (2D) mesh along the z−direction, where the geometry of an in-plane 2D plate elements is obtained by interpolating the nodal coordinates x and y using the shape function N(η, ζ) formulated in the local coordinate η and ζ
In this study, N is based on high-order spectral elements that are detailed in the next section. However, other shape functions, such as the moving least square approximations (MLS) and non-uniform rational B-splines can be also employed to discretize the in-plane dimensions. The strain in Equation (3) is rewritten as
where
The 3D displacement field of the plate, u, is represented semi-analytically here. The displacement variations along the line pass through a node of the 2D mesh and normal to the mid-plane are expressed analytically by functions u(z) of the coordinate z. The 3D displacement field is described by interpolating the displacement functions u(z) using the same shape function N ≡ N(η, ζ) such that u = Nu(z). By employing the principle of virtual work as shown in [19] for the full derivation, the internal nodal force is derived into
Satisfying the virtual work equation also brings
where E 0 , E 1 and E 2 are the scaled boundary finite element coefficient matrices:
with
where D is the elasticity matrix
and
Equations (11) and (12) are combined into
with the coefficient matrix
The general solution of X(z) is given as
By applying a Padé expansion of order (2, 2) to express X(z) and substituting the boundary conditions at the top and bottom surfaces of the plate, a 3D consistent stiffness matrix is obtained [20] . When further transforming the 3D displacements into typical plate degree of freedoms d = [θ, u] T , the stiffness matrix for the plate is devised:
Note that plate kinematics is then enforced such that θ z = u x = u y = 0 to reduce the size of the stiffness matrix. The matrix equation governing free vibrations may be expressed as
in which the global mass matrix of the plate structures is defined as
with the transformation matrix
where H is used to transform the 3D consistent mass matrix obtained from the kinetic energy into the one with plate DOFs, ω is the natural frequency and v is the corresponding mode shape. The stability problem involves the solution of the following eigenproblem
where λ is the critical buckling load parameter, a constant by which the in-plane loads must be multiplied to cause buckling and K G is the geometric stiffness matrices. The geometric stiffness matrix is given by: 
The natural frequency and critical buckling load in Equations (22) and (25) are computed using a standard eigenvalue algorithm.
Element description
High-order spectral elements are used in this study to discretize the in-plane dimensions of the plate. As the formulation presented here is 3D consistent, in order to represent the constant curvature, the minimum requirement is that the second derivative of the shape function is a constant. Hence, we require a second order element. However, for better convergence and accuracy, in this study we have employed a 3 rd order element (see Figure (3) ). The 2D shape functions are obtained by the product of two sets of 1D shape functions defined separately in local coordinates η and ζ:
Denoting the orders of the two 1D elements as p η and p ζ , respectively, the total number of nodes of the 2D element is equal to n d = (p η + 1)(p ζ + 1). The local nodal number i = 1, 2 , ..., n d is defined by the nodal numbers i η , i ζ of the two 1D elements as
and the nodal number ascends firstly along η direction and then ζ direction. This also applies to the weights such that
The coefficient matrices E 0 , E 1 and E 2 , the mass matrix M and geometry stiffness matrix K G are computed using GaussLobatto-Legendre quadrature. As demonstrated in [10] , E 0 becomes a lumped matrix. Consequently, the inversion of E 0 , which is required to compute the stiffness matrix, becomes trivial in Equation (18) . This leads us an efficient stiffness matrix construction. With the same quadrature, a diagonal mass matrix is also obtained and the 3×3 submatrix M i corresponding to the diagonal block of the i th node is expressed as
Numerical Results
In this section, we present examples of the free vibration and the mechanical buckling of plates with in-plane material inhomogeneity based on the approach discussed in the previous section. The effect of various parameters, viz., material gradient index n, the skewness of the plate, ψ, the plate aspect ratio a/b, the plate thickness b/h and the boundary conditions on the global response is numerically studied. The FGM plate considered in this study is made up of silicon nitride (Si 3 N 4 ) and stainless steel (SUS304). The material is considered to be temperature independent. The mass density (ρ), Young's modulus (E) and Poisson's ratio Validation. Before proceeding with the detailed numerical study, the formulation developed herein is validated against available numerical results pertaining to isotropic plates for fundamental frequency and critical buckling load. Table 1 compares the first non-dimensionalized fundamental frequency and critical buckling load factor for a simple supported square plate based on a progressive mesh refinement. It is observed that with decreasing element size, the non-dimensionalized frequency and the non-dimensionalized critical buckling load converges. It can be seen that the results from the present formulation compare very well with the available solutions, a structured mesh of 8×8 with 3 rd order element is found to be adequate to model the full plate. This mesh is, therefore, used in the subsequent studies of this section. 1.9974 -Ref. [15] 1.9993 -
Free vibration
In this section, the free vibration of FGM rectangular and skew plate with side lengths a and b and thickness h is studied. In all cases, we present the non-dimenisonalized flexural frequencies, unless specified otherwise, as:
12(1−ν 2 ) and ρ c are the flexural rigidity and the mass density of the ceramic phase, respectively. The influence of the plate thickness ratio b/h, the material gradient index n and the boundary conditions on the first non-dimensionalized frequency is shown in Table 2 . It indicates that with increasing plate thickness ratio, the non-dimensionalized frequency decreases irrespective of the boundary conditions of the plate. This can be attributed to the decreased flexural rigidity. Table  2 also shows that the non-dimensionalized frequency reduces with increasing material gradient index n due to the increase in metallic volume fraction. Figures (4) - (5) illustrates the influence of the plate aspect ratio a/b and the material gradient index n on the first four non-dimensionalized frequency for a plate with simply supported edges and clamped edges, respectively. The non-dimensionalized frequency decreases for both simply supported and clamped boundary conditions with increasing plate aspect ratio a/b ratio or increasing material gradient index n. Table 3 shows the influence of the skew angle ψ and the gradient index n on the first four non-dimensionalized frequency for a square FGM plate with b/h = 100. The plate is subjected to simply support and clamped boundary conditions on alternating edge, i.e, SCSC. With increasing skew angle ψ, the non-dimensionalized frequency increases, whilst the frequency decreases with increasing material gradient index n. This can be attributed to the change in the flexural rigidity due to the change in the geometry of the plate and the increase in the metallic volume fraction.
Buckling
In this section, we present the mechanical buckling behavior of FGM rectangular and skew plates with in-plane material inhomogeneity under uni-and bi-axial compressive loads. In all our cases, we present the non-dimensionalized critical buckling parameters, unless otherwise specified, as: where λ cru and λ crb are the critical buckling parameters corresponding to uni-and bi-axial compressive loads, D c =
. The influence of plate aspect ratio a/b on the critical buckling load parameter is shown in Figure (6 ) subjected to uni-and bi-axial compressive loads. The influence of material gradient index n is also shown. It is seen that the critical buckling parameter decreases with increasing plate aspect ratio and material gradient index. The influence of the plate thickness ratio b/h, the material gradient index n and boundary conditions on the critical buckling parameter is given in Table 4 . The influence of the skew angle ψ on the critical buckling parameters of a simply supported FGM skew plate with b/h = 1000 is given in Table 5 . It can be seen that the critical buckling parameters obtained from proposed technique are in good agreement with the results available in the literature [8] for an isotropic plate. It is seen that increasing the critical buckling parameter for both uni-and bi-axial compressive load decreases with increasing material gradient index and the skew angle. This can be attributed to the decreasing flexural rigidity and increasing metallic volume fraction respectively. 
Conclusions
In this article, we presented a three dimensional consistent approach that does not require ad hoc shear correction factors to analyse plate structures. Based on this approach, we studied the free vibration and mechanical buckling of thin functionally graded material plates considering various parameters such as the material gradient index, the thickness ratio, the plate aspect ratio and the boundary conditions. From the detailed numerical study, it can be concluded that the material gradient index has strong influence on the fundamental frequency and the critical buckling load parameter. It is also observed that the change in the non-dimensionalized frequency and the critical buckling load parameter is significant for material gradient index n ≤ 2.
